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Synopsis

01

Complex photonic devices

•Transmission matrix

•Nonlinear transmission matrix

•Applications (all-optical switching and bio)

02

Complex nonlinear dynamics

•Classical and quantum solitons

•Extreme waves

03

Numerical methods

•Beam Propagation Methods

•FCOMB solitons



A crazy idea for photonics - and engineering -
in the new era of machine learning

OLD SCHOOL: 

given an application, design and fabricate a device

NEW SCHOOL: 

given a device, find a way to use it for your application

(…. not very new indeed

…. but we have new tools …

and we need a very complex device)



Outline

• Nonlinear complex systems by the transmission matrix
• Green’s function

• Propagator

• Nonlinear perturbation to the propagator

• Applications

• Classical and quantum optical solitons
• The nonlinear Schroedinger equation

• Numerical methods

• Transition to dynamical complexity



Structural Vs Dynamical complexity

By morphology

• Random systems

• Complex arrays of waveguides

• Coupled cavities

• Biological systems

By nonlinearity

• Highly nonlinear regimes

• Many solitons

• Shocks and rogues waves

• Multimodal dynamics

• Ultrafast dynamics and 
plasmonics

Random lasers
(highly nonlinear and disordered systems)



Perturbative Vs non-perturbative extremes

Structural complexity

• Nonlinearity is a perturbation to 
tune or probe the systems

Dynamical complexity

• Nonlinearity is the leading actor
in a nonperturbative regime



Structural 
complexity



Applications of structural complexity

Information processing

Ising machines and optical neuromorphic 
computing

Cryptography

Classical and quantum

Biomedicine

Drug delivery

Cancer treatments

Microscopy

Sensors



Examples

• Complex photonic circuits

Van der Sande, Nanophotonics 2017, 6, 531



Examples

• Random systems



Examples

• Biological systems



Examples

• Metasurfaces



Light in complex media



Local outline

Green’s function 
and Dirac notation
Green’s function 

and Dirac notation
Field propagatorField propagator

Transmission 
matrix

Transmission 
matrix

Nonlinear 
perturbation to the 
transmission matrix

Nonlinear 
perturbation to the 
transmission matrix



Green function and modes (scalar case)

Leonetti, CC, Lopez, NPHOTON 5, 615 (2011)



Measure
the Green’s function ?



The Green function is a complex quantity



Green function (GF) at the resonance



Density of states and local density of states

DOS

LDOS



LDOS is the imaginary part of the GF



Local density of states (LDOS)



Canonical notation for the Green’s function



Dirac notation for classical fields

See Economou, Green’s function in Quantum Physics



Green function in the Dirac notation



Green’s function, vectorial case



Non-canonical modal set



Canonical modes for Maxwell equations



Properties of the canonical set



Dirac notation in the vectorial case



Field propagator



Field propagator



Field propagator in Dirac notation



Input field and total field

Input beam (plane wave, Gaussian beam, etc…)

Total field



The Green’s function



From the Green’s function to the propagator



Transmission matrix



Transmission matrix definition

«CHANNELS»
«CHANNELS»



The transfer matrix is unitary
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Measurement of the transmission matrix



Focusing light 
in complex media

Application of the transfer matrix



The Vellekoop and Mosk experiment



Guidestar assisted wavefront shaping



Focusing in (random) waveguides



Focusing in a single point is a 
simple form of 

optical machine learning



What is an «ARTIFICIAL NEURAL NETWORK»?

Is it a magic mathematical object that displays intelligence ?

• May be IT IS !

• But - perhaps - is just a very useful «UNIVERSAL» fitting function !



Artificial Neural Network = 
Universal Interpolator

( ; , )f=y x a b
A universal fitting function that
takes a N-dimensional input x and has output y
that can be tuned by acting on the parameters
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Assume that you want to focalize light

• Solution 1: You take a lens

• Solution 2: you take any kind of transparent «complex» device
• complex photonic sample(=coupled waveguides, fiber, random medium, etc…)
• find the way to have fitting parameters (=SLM, nonlinearity, electrooptics, …)
• and train it (…many strategies …)

• A device that focuses light is

an optical function that maps a plane wave in a single spot

• We can use a universal interpolator to realize it



Focusing a plane wave as a neural network
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No training in the case of a random medium

The background intensity provides information on the mean matrix element

1
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= =
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No training



Single point focusing: «exact solution» Mode m



The number of modes and the enhancement



Feeback loop to find the maximal intensity
(training)
The optimization of the output 
intensity can be found by various
iterative algorithms

- sequential

- Monte Carlo

- genetic algorithms

- etc

Vellekoop, 2008

Pierangeli et al, arXiv:1812.09311



Multiple point focusing and image formation



The transmission matrix in 
the nonlinear regime



Why ?

• Modulating the properties of the transmission of a complex system is 
the starting point for control and applications

• Switching

• Sensors

• All-optical neural networks

• All optical processing



Areogel: random and (thermally) nonlinear !

Fleming, CC, Di Falco, ArXiv:1809.07077



Measure of the TM: 
unfolding the modes into channels

Fleming, CC, Di Falco, ArXiv:1809.07077



Raw data for the transmission matrix



The transmission at different pump power

Fleming, CC, Di Falco, ArXiv:1809.07077

†
K K=



Nonlinear modulation

Fleming, CC, Di Falco, ArXiv:1809.07077



Ultrafast switching in random media



Nonlinear perturbation 
to the propagator



Perturbed propagator

( ) ( ) ( ) ( )r b a   = + + r r r r

( ) ( ) ( )r b a  = +r r r



Nonlinear perturbation as a new learning level



The effect of the perturbation on the focusing
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Fleming, CC, Di Falco, ArXiv:1809.07077



Effect of the perturbation on the focusing

The nonlinear refractive perturbation reduces the enhancement

Fleming, CC, Di Falco, ArXiv:1809.07077



Application in biophysics
Tumor morphodynamics



Light propagation in living (!) tumor models

ArXiv:1812.09311

Glioblastoma cells forming a 
spheroidal cancer model.



Training the light transmission



Nonlinear perturbation



Chemical perturbation (chemotherapy)



Optical neural networks



Fashion
classifier





Other applications

• Ising machine and combinatorial problems

• Random lasers 

• Quantum gates and quantum cryptography

• ….



Deadline 5 feb 2019



Dynamical 
complexity

Nonperturbative nonlinearity



Fermi-Pasta-Ulam-Tsinguo

Supercontinuum

Rogue waves

Shock waves

Optical turbulence

Condensation

Anderson localization

Beam-cleaning



Simple Vs Complex

The number of «states» (linear or 
nonlinear) is a simple way to distinguish
simple and complex scenarios

This is related to the amount of information 
you need for any mathematical description
of the system

https://www.behance.net/gallery/6909553/The-Geometry-of-Living-Towers



States due to 
nonlinearity?

…. solitons ….



The nonlinear 
Schroedinger equation

A simple model for 
complex dynamics



The NLS from nonlinear Maxwell equations

Spatial case

1

Temporal case

2



Souls of the NLS (focusing)

Simple normalized NLS equation
(fundamental soliton, supercontinuum, and related)

NLS in the hydrodynamic regime
(rogue waves, shocks, FPU, and complex wave regimes)

Second quantized NLS
(quantum soliton, squeezing, and all of that)



NLS full optional



Souls of the NLS (focusing)

NONLINEARITY = DISPERSION

?????

NONLINEARITY >> DISPERSION

/u =



Souls of the NLS (focusing)

>10000 published papers

10-100 published papers

100-1000 published papers



Simple 
derivation of 
NLS
Spatial case



From scratch …



The wave equation (scalar is enough)



Time harmonic field
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Helmholtz equation



The nonlinear refractive index



The paraxial approximation
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Normalization and single soliton solution

2
u





Diffraction (or dispersion) and self-trapping
Beams tend to delocalize (spread) in space

Nonlinear effects trigger self-trapping

Low intesity = diffraction High intensity = self-trapping



The origin of the self-trapping



Numerical solution 
of the NLS

The beam propagation method



The split step method
2

2

2
0i

z x

 
 

 
+ + =

 

2
2

2
i i

z x

 
 

 
= +

 

ˆ ˆ( )
A

D N A
z


= +





Matlab program for the split step



The soliton effect compressor



Simulation of the fundamental soliton

( ) ( ), 0 sech x  =



N=2 soliton (higher order soliton)

( ) ( ), 0 sech
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N=3 soliton



Analytical solutions (see later)
for N sech as initial condition

tell us that we have
periodical dynamics with period pi/2 

for any integer N



Before the «Nature Whatever» era



N=4



N=10

PROBLEMS HERE !!!!



For large N «dynamical complexity» emerges

The system has a «landscape» of states and visits them in a way that is 
dependent on the history 

Numerical noise = temperature

Large sensitivity to any form of noise



Analytical solution 
of the NLS
Inverse scattering theory



Fourier linear evolution
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Evolution in 
the spectral 
domain 
(linear case)

Expand in the initial data in the spectrum 

(plane waves)
Expand

Evolve the plane wavesEvolve

Compose the evolved plane waves Compose



Evolution in 
the spectral 
domain 
(nonlinear)

Expand in the initial data in the spectrum 

(plane waves and solitons)
Expand

Evolve the plane waves and the solitonsEvolve

Compose the evolved plane waves and the 
solitons Compose



Nonlinear Fourier transform

arXiv:1402.1605



The scattering problem for the nonlinear FT



The nonlinear Fourier transform

As in linear systems, for the NLS we can define a «spectrum»

For the NLS the spectrum is made by the standard continuous spectrum and 
by a discrete number of solitons

Calculating the spectrum – however – is not as easy as doing a linear Fourier 
transform

Nonlinear Fourier transform
• Continuous spectrum
• Discrete solitons



Example by our matlab code

Evolution of a sech (only discrete spectrum, one or more solitons)

Evolution of a Gaussian (discrete and continuos spectrum, varying the 
input amplitude)



Applications

• Nonlinear telecommunications

• Novel quantum sources

• High power lasers

• Ultra-broad band sources (hollow core fibers)



Problem

When the number of solitons grows 
(hydrodynamic limit) both the 
numerical methods and the analytical 
solutions get into trouble

Non trivial phenomena emerge related 
to rogue waves, shock waves and 
recurrence

These complex regimes need both 
advanced numerical and analytical 
techniques (see poster by Giulia and the 
lessons by Stefano)



Quantum solitons



























Do quantum soliton 
evaporate ?



Hawking radiation from black holes

Wikipedia

The spectrum of a quantized field in the black hole metrics
(Schwarzschild solution) is blackbody with temperature

????

Nature, 1974

«Interstellar»
movie



Black holes are solitons

Black holes are solitons of the 
Einstein-Hilbert equations …
Black holes are solitons of the 
Einstein-Hilbert equations …

Black holes evaporate ….Black holes evaporate ….

Do all kinds of solitons evaporates?Do all kinds of solitons evaporates?

Temperature of an optical soliton ?Temperature of an optical soliton ?



Quantum soliton evaporation



More complex, 
nonlinear and quantum curiosity?
• Talks by Stefano and Arno Mussot

• Poster by Giulia

www.newcomplexlight.org


